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ABSTRACT

The two methods are described and then compared by using two simplified example
turbines, one being a two-stage impulse type and the other a two-stage reaction turbine.
The agreement in efficiency predicted by the two methods is within +0. 01 for total cool-
ant fractions up to 0. 156 and within +0.013 at the highest total coolant fraction consid-
ered, which was 0. 22.
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COMPARATIVE STUDY OF MIXED- AND ISOLATED-FLOW METHODS
FOR COOLED-TURBINE PERFORMANCE ANALYSES
by Warren J. Whitney

Lewis Research Center

SUMMARY

This report describes and compares two analytical methods for determining the ef-
fect of coolant air on turbine performance. One of these methods uses a mixed flow
model wherein the coolant flow is assumed to be completely mixed with the gas stream
resulting in homogeneous flow conditions at the outlet of every blade row. The other
method uses an isolated flow model in which the coolant and the primary air are assumed
to be entirely uninfluenced by one another. Both methods are used to determine a
primary-air efficiency of the cooled turbine. In this efficiency concept the total ideal
work output is based on the primary air flow and its specific ideal work output.

The two analytical methods were applied to two simplified example turbines, one of
which was a two-stage impulse type, and the other, a two-stage reaction type. The ef-
fect of coolant on performance was obtained for ranges of coolant flow and ratio of cool-
ant temperature to turbine inlet temperature and for two levels of coolant total pressure
recovery. The performance results are expressed as the variation of primary-air effi-
ciency compared with the efficiency of the uncooled turbine.

Both analytical methods indicated that the trend of efficiency with coolant flow was
positive, almost zero, or negative; the trend depended on coolant temperature ratio and
coolant pressure coefficient or coolant velocity coefficient. As any of these parameters
was increased, turbine efficiency for a given coolant fraction improved because of the in-
creased work output of the coolant flow. The trends of efficiency with coolant flow pre-
dicted by the two performance estimation procedures were similar. The efficiency lev-
els obtained from the two procedures were also in reasonably good agreement, being
within +0. 01 for total coolant fractions up to 0. 156 and within +0. 013 at a total coolant
fraction of 0. 22, which was the highest coolant flow considered.



INTRODUCTION

Many advanced aircraft applications require increased engine cycle temperatures to
achieve their performance goals. This requirement necessitates cooling of the turbine
blading to maintain blade strength and in some cases oxidation resistance. The cooling
method commonly considered for these high-temperature engines utilizes air bled from
the compressor, ducted through the turbine-blade cooling passages, and discharged into
the turbine gas stream. The work output of the cooled turbine is affected by the amount
of coolant, the location of the injection point of the coolant, and the temperature and total
pressure of the coolant in relation to that of the turbine gas stream.

Some analyses have been made concerning the effect of cooling on turbine perform-
ance (refs. 1to 4). These analyses, however, only considered the change in perform-
ance due to the heat transferred to the coolant and made no attempt to determine the ef-
fect of discharging the coolant into the main gas stream. Furthermore, experimental
data on the effect of cooling air on turbine performance are scarce and are difficult to in-
terpret or correlate because of the varied forms of efficiency that are used. Therefore,
the development of analytical means of estimating the effect of cooling air on turbine
performance is considered of interest.

This report describes and compares two such analytical methods. The first method,
termed ''mixed flow,'" uses a model that assumes that complete mixing of the coolant
and gas stream occurs in the injection blade row. The second method, termed "isolated
flow,'" uses a model that assumes that the coolant and primary air are completely inde-
pendent and do not influence one another. Both methods were applied to an example two-
stage impulse turbine and a two-stage reaction turbine for ranges of coolant flow and
ratio of coolant temperature to turbine inlet temperature and for two levels of coolant
total-pressure recovery. The performance results of the cooled turbines were deter-
mined in terms of a primary-air efficiency in which the total ideal work output is based
on the primary air and its specific ideal work output. The results of these calculations
are also presented to provide a comparison of the two methods.

DESCRIPTION OF ANALYTICAL METHODS

The coolant flow that bypasses the combustor represents a thermodynamic loss that
can be considered in the cycle calculations. The problem, then, in determining the ef-
fect of coolant flow on engine performance is the evaluation of the primary-air efficiency
of the cooled turbine. The primary-air efficiency as defined herein uses the product of
the primary-air flow and its ideal specific work output as the total ideal work output.
Therefore, the variation in primary-air efficiency directly reflects the variation in net



turbine work output. The coolant flow can affect the net work output in different ways.
The rotor coolant flows require pumping work, which detracts from the net work output.
In addition, most of the coolant flows enter the turbine gas stream with some potential
capacity to increase the net work output of the turbine, since in most cases there would
be a pressure drop available between the coolant injection point and the turbine outlet
static pressure. Furthermore, the coolant entering a blade row would have considerably
less momentum than the gas stream and would therefore reduce the momentum of the gas
stream. All these effects must be accounted for in the estimation of the performance of
a cooled turbine.

One method of performance estimation, representing a boundary condition, is the
mixed-flow analysis. In this procedure the coolant flow is assumed to be completely
mixed with the gas stream in the injection blade row. The net work output is evaluated
by determining the aftermixed conditions out of each blade row. In this concept, momen-
tum of the gas stream is imparted to the coolant such that homogeneous flow conditions
are attained at the blade row outlet. Thus, the interaction effect, coolant work output,
and primary-air work output are evaluated by determining the aftermixed flow conditions.

Another procedure that can be used assumes that the coolant expands {rom its injec
tion point to the turbine outlet, entirely uninfluenced by the primary flow. It is also as-
sumed that the primary air is uninfluenced by the coolant; therefore, its work output is
the same as that of the uncooled turbine. Thus, the evaluation of net work output with
coolant involves the determination of the incremental net work outputs of the individual
coolant flows. This procedure also represents a boundary condition, with respect to the
degree of mixing between the primary flow and the coolant, and is termed the isolated-
flow analysis. '

General Procedure Assumptions

Both of the analytical procedures being considered require a means of estimating the
effective total pressure of the coolant at the outlet of the injection blade row before the
effect of mixing is considered. The static pressure of the coolant at its point of injection
must be at least equal to the stream static pressure. Furthermore, in accelerating
blade rows there is a net pressure drop that could accelerate some of the coolant flow
between its injection point and the blade outlet. Thus, at the blade outlet of accelerating
blade rows the coolant total pressure would be expected to equal the static pressure plus
some fraction of the available dynamic pressure. This fraction, or factor, is termed
k p herein. (All symbols are defined in appendix A.) With impulse blade rows there
would be no overall pressure drop in the flow passage to accelerate the coolant. There-
fore, the effective coolant total pressure in the injection blade row is estimated by



means of a coolant velocity coefficient kv’ This coefficient is defined as the coolant
critical velocity ratio expressed as a fraction of the gas~stream critical velocity ratio
before mixing.

Both analytical procedures are two-dimensional and assume the turbine to have flex-
ible radial boundaries. Thus, the static pressure levels through the turbine blading are
the same as for the uncooled turbine regardless of the coolant additions.

Mixed-Flow Analysis

The pertinent feature of the mixed-flow analytical model is that the flow is uniform
at the outlet of each blade row with respect to temperature, pressure, and velocity. The
gas stream entering any blade row consists of the primary flow entering the first-stage
stator and all the coolant flows that have been added up to that point. The procedure for
determining the aftermixed conditions of the coolant and the gas stream is simplified by
assuming that temperature uniformity is achieved before the two streams mix. The
aftermixed critical velocity ratio is then taken as the momentum average of the two
streams, as expressed algebraically in equation (B2) of appendix B for a first-stage sta-
tor blade row. A comparison of this method of obtaining the aftermixed velocity with an
adaptation of the procedure of appendix C of reference 5 showed the two methods to be
in close agreement.

Another key assumption of the mixed-flow analysis is that the total-pressure loss
across a blade row of the gas stream (before mixing) is the same as that of the uncooled
turbine. This assumption, along with the specification that the static pressures are the
same as for the uncooled turbine, simplifies the solution for the gas stream total pres-
sure before mixing at a blade outlet. This simplification is illustrated by equation (B9)
of appendix B. Use of the total-pressure loss assumption and the static-pressure as-
sumption also makes the results independent of the actual pressure ratio, and therefore
the efficiency, of the uncooled turbine.

As would be expected, the mixture velocity is decreased from that of the uncooled
turbine. If the blade inlet angles of the uncooled turbine were used for the cooled tur-
bine, the velocity degradation would cause the flow to enter the downstream stage with
incidence angles and blade entry losses. It is assumed herein that the inlet angles can
be adjusted to the proper flow angle; therefore, incidence losses are not incurred in the
mixed-flow analytical model.

The overall performance estimation involves a step-by-step procedure of calcula-
ting the velocities of the mixture at the various stations from inlet to outlet. The net
work output is obtained by summing the products of (wC + W )UVu into and out of the
rotor blades. The ratio of the primary-air efficiency of the cooled turbine to that of the



uncooled turbine is identical to the net work output ratio, as mentioned previously in this
section. The detailed equations for this method are given in appendix B.

Isolated-Flow Analysis

The pertinent feature of the isolated-flow analysis method is that the primary air is
unaffected by the coolant. Thus, the specific work output of the primary flow is fixed,
and the analytical procedure is concerned with the determination of the incremental work
output contributed by the various cooling flows. The coolant flows are considered indi-
vidually, and their flow and state conditions are first evaluated, by means of a k_ or
k. value, at the outlet of the blade row in which they are introduced. From the injection
blade row to the turbine outlet the flow conditions are calculated for the individual cool-
ant flows by assuming they experience the same static-pressure variation and encounter
the same blade angles as for the uncooled turbine. The net work output of the coolant
flows can then be determined and added to the uncooled turbine work output to obtain the
cooled turbine work output and efficiency.

For the mixed-flow analysis, the blade inlet angles are assumed to be adjustable to
the inlet gas angle. In the isolated-flow model it is assumed that the blade inlet angles
are fixed to the uncooled turbine velocity diagram angles and that the coolant flows are
therefore subjected to incidence losses. These losses are evaluated by assuming that
the normal component of blade entry velocity is lost with respect to total pressure. An-
other assumption used in the isolated-flow model is that the loss total-pressure ratio of
the coolant across any blade row downstream of the injection blade row is the same as
for the primary flow. Thus, as in the mixed-flow procedure, the results of the perform-
ance estimation method are independent of the actual pressure level and efficiency of the
uncooled turbine.

One notable difference between the two performance estimation methods is that the
mixed-flow model requires the coolant flow rates as input data. The isolated-flow model
is not dependent on coolant flow rates in the determination of coolant-stage work coeffi-
cients. These work coefficients depend only on the coolant temperature ratio and the
k p and kV assumptions. Once the coolant-stage work coefficients have been evaluated,
any coolant schedule can be applied, and the turbine efficiency variation can be deter-
mined. The detailed equations used for this method are given in appendix C.



COMPARATIVE ANALYSIS OF EXAMPLE TURBINES

The two analytical performance estimation methods were each applied to two repre-
sentative example turbines. In this section the example turbines are described and anal-
ysis results are presented.

Description of Example Turbines

The turbine designs selected are both two-stage, one being an impulse type and the
other a reaction type. The simplified velocity diagrams of the uncooled turbines are
shown in figure 1. The impulse diagram has a stator angle of 65° and a tangential mo-
mentum change AVu = 2U, and the reaction diagram has a stator angle of 60° and a tan-
gential momentum change AVu = U. Both diagrams have constant blade speed equal to
one-half the turbine inlet critical velocity, constant axial velocity, and zero exit whirl.
With these simplifying features all the temperatures throughout the turbine can be re-
lated to turbine inlet temperature, and all the velocities can be related to the appropriate
critical velocity. The specific work output of the impulse diagram is obviously twice
that of the reaction diagram, since the impulse diagram has twice the tangential momen-
tum change at the same blade speed.

The assumed coolant flow schedule that is used in applying the methods to the ex-
ample turbines is shown in table I. The schedule assumed is arbitrary; however, the
linear decrease of coolant per blade row from inlet to outlet represents a reasonable
simplified approximation of an actual coolant schedule distribution.

The effect of coolant temperature is considered by expressing it in the form of the
ratio of coolant temperature to turbine inlet temperature. The values used for this ratio
are 0.3, 0.45, and 0.6, and these are assumed to cover the range of conditions that
might be encountered. The other quantities assumed as input parameters are the k
and kv values. Two levels of these coefficients are assumed for both turbine types.
For the impulse turbine, these levels are k_= 0.5 with kv =0.5 and kp = 0.25 with
kV = 0. For the reaction turbine the two levels are k_=0.5 and k_= 0.25.

In the application of both methods nondimensional equations are used throughout, as
can be seen in appendixes B and C. Thus, the results of both methods are independent
of temperature except for the second-order effect that the specific-heat ratio y would
have on the various local pressure ratios. A specific-heat ratio y of 1.3 was used
herein.



Analysis Results

The two analytical methods are applied to the two example turbine types to obtain
their efficiency - coolant-flow characteristics. The results indicated by the two methods
are then compared with each other. This comparison is of interest because the two
methods represent widely different means of accounting for the overall effect of the cool-
ant and the primary air in passing through the turbine. Finally, the significance of the
stage work coefficients that are obtained as an intrinsic part of the isolated flow proce-
dure is discussed briefly.

Effect of coolant on performance. - The overall effect of coolant is shown in figures
2 and 3 for the impulse turbine and the reaction turbine, respectively, as the variation of
primary air efficiency compared with that of the uncooled turbine model. The abscissa
in both figures is the coolant fraction of the first-stage stator row. The coolant fraction
of the other blade rows can be obtained by referring to table I. Both figures 2 and 3
show that the effect of coolant on efficiency can be positive, almost zero, or negative,
depending on coonlant temperature ratio and coolant pressure coefficient or coolant veloc-
ity coefficient. Also, the efficiency level for a given coolant flow increases with in-
creasing coolant temperature ratio and with increasing values of k_ and kv. This ef-
fect might be expected, since increasing values of these parameters represent an in-
creased potential of the coolant flow to produce useful work in passing through the blad-
ing.

Comparison of analytical methods. - The similarity of the trends of efficiency with
coolant flow as obtained by the two methods is evident in figures 2 and 3. The levels of
efficiency variation predicted by the two methods agree very well in some cases, while
in others they tend to diverge somewhat with increased coolant flow. A direct compari-

son of the efficiencies obtained by the two performance estimation methods is made in
figures 4 and 5 with the mixed flow procedure results used as a base. This comparison
shows that the fractional deviation in efficiency ranges from +0.013 to -0.013. These
differences occur at the highest coolant schedule considered, which corresponds to a
total coolant fraction of 0.22. If a more moderate or realistic coolant fraction of 0. 12
is assumed (first-stage stator coolant fraction of 0. 045), the difference indicated by the
two methods is 0.008 or less. Thus, the agreement between the two performance esti-
mation procedures was reasonably good, being within +0. 01 for total coolant fractions up
to 0. 156.

Stage work coefficients. - The stage work coefficients obtained in the isolated flow
procedure are listed in table II. In addition to the overall effect on efficiency as shown
in figures 2 and 3, the stage work coefficients show the contribution of the individual
coolant flows in the two stages as well as their overall contribution. The overall stage
work coefficient for the primary flow would be 2 for both example turbines since both had




two stages of equal work output. The highest value of 0. 92 indicates that this stator
coolant flow produced somewhat less than half the specific work output of the primary
flow. The value of -0.5 listed for Kf, B and KS’ D for the impulse turbine at a kV of
0 represents the pumping work done on the coolant. The corresponding values for the
reaction turbine would have been -1.000 if a k_ of 0 were assumed. The change in the
stage work coefficients can also be noted as the coolant recovery coefficient or the cool-
ant temperature ratio is changed. Thus, these coefficients represent additional infor-
mation that is available from the isolated-flow procedure.

CONCLUDING REMARKS

Two analytical methods to determine the effect of coolant air on turbine performance
are described herein. The methods are applied to two simplified example turbines, one
being a two-stage impulse turbine and the other a two-stage reaction turbine, and the re-
sults are compared. Both methods indicate the effect of coolant on efficiency to be posi-
tive, almost zero, or negative, depending on coolant temperature ratio and coolant pres-
sure coefficient or coolant velocity coefficient. Turbine efficiency, for a given coolant
fraction, is shown to increase as any of these parameters is increased because of an in-
creased recovery of coolant work output. The trends of efficiency with coolant fraction
predicted by the two methods are similar. The level of efficiency obtained by the two
methods is in reasonably good agreement, being within £0. 01 for total coolant fractions
up to 0. 156 and within +0. 013 at the highest coolant flow rate, corresponding to a total
coolant fraction of 0. 22.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, January 23, 1968,
126-15-02-15-22.
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APPENDIX A

SYMBOLS

first-stage stator coolant flow expressed as fraction of primary flow, dimen-
sionless

first-stage rotor coolant flow expressed as fraction of primary flow, dimension-
less

second-stage stator coolant flow expressed as fraction of primary flow, dimen-
sionless

second-stage rotor coolant flow expressed as fraction of primary flow, dimen-
sionless

actual enthalpy drop across first stage of uncooled turbine, Btu/1lb (J/kg)
actual enthalpy drop across second stage of uncooled turbine, Btu/lb (J/kg)

incidence angle (difference between flow angle, @ or 8, and blade entry angle),
deg

coolant-stage work coefficient, ratio of stage specific work output of coolant to
stage specific work of uncooled turbine

coolant pressure coefficient, ratio of dynamic pressure of coolant to dynamic
head available across blade row (for first-stage stator coolant flow Aw o

ky= (P, 14 = PP/ (¥ - pl))
coolant velocity coefficient, coolant critical velocity ratio divided by gas-stream
critical velocity ratio (\for first-stage rotor,

k, = (W/W,) 2a, ¢ /(W/ W) 20, fs>
absolute pressure, 1b/(sq ft) (N/m2)

absolute temperature, °R (°K)

coolant supply temperature, °R (°K)

blade velocity, ft/sec (m/sec)

absolute gas velocity, ft/sec (m/sec)

velocity of sound at Mach 1 based on absolute total state, ft/sec (m/sec)

gas velocity relative to rotor blade, ft/sec (m/sec)

velocity of sound at Mach 1 based on total state relative to moving blade row,
ft/sec (m/sec)
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n

Subscripts:
A/B,C,or D

a

Superscripts:

|

LA

10

mass flow rate, 1b/sec (kg/sec)
mass flow entering first-stage stator, lb/sec (kg/sec)

absolute flow angle measured from axial direction, deg (angle positive
when tangential component of velocity is in direction of blade velocity
vector U)

relative flow angle measured from axial direction, deg (angle positive
when tangential component of velocity is in direction of blade velocity
vector U)

ratio of specific heats

turbine efficiency based on total- to static-pressure ratio

coolant fraction A, B, C, or D

used with station number 1, 2, 3, or 4 to denote equivalent condition
of gas stream or coolant before mixing at that station

coolant

first stage

gas stream at blade outlet before mixing with coolant
second stage

tangential component of velocity (positive in direction of blade velocity
vector U)

uncooled turbine

axial component of velocity

station at turbine inlet (see fig. 1(c))
station at first-stage stator outlet
station at first-stage rotor outlet
station at second-stage stator outlet

station at turbine outlet

total state absolute

total state relative to moving blade row



APPENDIX B

MIXED-FLOW PERFORMANCE ESTIMATION METHOD

As discussed in the Mixed-Flow Analysis section, the mixed-flow performance esti-
mation procedure involves a step-by-step solution of the flow conditions through the tur-
bine including the effect of incorporating coolant flow into the gas stream. All quantities

are expressed nondimensionally. The procedure is presented for the two-stage turbine
example.

First-Stage Stator Outlet

Since critical velocity is a function of total temperature, the ratio of critical veloc-
ity across the first-stage stator is given by

\ 1/2
1+A c,0
A\ T!
Cr, 1 - 0 (Bl)
Vcr, 0 1+A

The velocity out of the first-stage stator after mixing is obtained by the following equa-
tion:

v ALY
Vv Vv
Vv _\%Na s °T/1a, ¢ (B2)
\" 1+A
Cr 1
The quantity (V/V . r>1 s the same as (V/Vcr)l , and (V/VCr s determined
a,fs ,un ,C

as follows. The pressure ratio of the coolant is given by
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where pla, fs/pb depends on (V/Vcr)la s and on a loss assumption relating p'la,fs
b

to pb. The coolant critical-velocity ratio is then obtained as

\" y-1 p'
cr 1a,c la,c

1/2
\'4 )y +1 1_<p>('}”1)/7
The stator outlet velocity in terms of inlet critical velocity is then obtained from com-
bining equations (B1) and (B2)

\$! _ [V Vcr,l (B3)

cr,0 Vcr 1 Vcr,O

\'

First-Stage Rotor Inlet

The ratio of relative to absolute critical velocity is obtained from the general equa-

tion
2
Wer,1_ l_y-l[z u (Yu)._[ U (B4)
Vcr, 1 v+l Vcr, 1 Ver 1 Vcr, 1
Since U/Vcr 0 is known, U/Vc r. 1 can be obtained by using equation (B1) as
b b
v _ u VYer,o

Vcr, 1 Vcr,0 Vcr, 1

The quantity (Vu/ \' cr) can be obtained from equation (B2) and the velocity-diagram
1

stator outlet angle Q. The blade inlet relative velocity is obtained from the following
equation:

1/2
w

2 2
1 . <V> sin a, - U + (-V—> cos oy (B5)
Vcr, 1 Ver 1 Vcr, 1 Ver 1

12



The blade inlet relative critical velocity ratio (W/Wcr) is obtained by combining equa-
1

tions (B4) and (B5); the static- to total-pressure ratio at the blade inlet can then be com-

puted from
o|¥/(¥-1)
<_P_> ={1-y-1[W (B6)
p" 1 y+1\W

First-Stage Rotor Qutlet

In passing through the rotor, the rotor coolant is incorporated into the gas stream.

The rise in temperature of the rotor-coolant caused by the rotor pumping work is given
by

Multiplying this equation by Tc O/ Tb yields the following equation for the ratio of cool-
ant critical velocity to the critical velocity at the turbine inlet:

1/2
WcrL2a, c_ T 2

C,0+'}"1<U> (B7)
Vcr,O Tb v+l Vcr,O

The critical velocity of the flow at the rotor outlet relative to that at the turbine inlet is

- w_ v ¥ w 2[!/2

(1 + A)f —<L 1 er,1} , g{_cr,2a,c
Wer o Vcr, 1 Vcr,O Vcr,O (B9)
Vero 1+A+B

W o

which can be evaluated by using equations (B4), (B3), and (B7).

13



The blade-outlet static- to total-pressure ratio for the gas stream is obtained by
using the assumption regarding blade-loss pressure ratio mentioned in the Mixed-Flow

Analysis section. The equation is

Py
o

p
p p 2
2 _1 un (B9)

Pha s P [Pr

pn
1 un

The two pressure ratios for the uncooled turbine are readily determinable from the
velocity diagram. The critical velocity ratio of the gas stream at the blade outlet is
then determined from the pressure ratio of equation (B9):

o (y-1)/¥ 1/2
w _Jy+1 1- 2

W - . (B10)
v -1 P2a, fs

cr 2a, s

For the rotor blade rows of the example impulse turbine the two pressure ratios
<p2 /p'2'>un and (pl/p'l' - are equal, and p2/p'2'a, ts in equation (B9) is equal to p,/pY.

Thus, <W/Wcr>2a . 15 caual to (w/wcr>1.
The coolant critical velocity ratio at the blade outlet is obtained from the gas-stream
critical velocity ratio, the assumed k_ value, and the procedure presented following

equation (B2). For the impulse rotor blade row the coolant critical velocity ratio is ob-
tained by using the kV value as

4
cr, 2a,c cr 2a, fs

The aftermixed critical velocity ratio at the blade outlet is then

w +B——W

(1+A)

\'J \'J
Cr,
w cr, 23, fs 23., C (Bll)

Wcr2 1+A+B

14



The ratio of absolute critical velocity to relative critical velocity at the blade outlet is
given by

v w \2 v ]2
wCr ik :;: wu +:+i wu (B12)
cr/, cr/,, cr/q
where
;]Nu = Ww sin Bz
cr/y cr/g
and
U

/Vu\_/w\ o Yer.0

} —\ , sin H2 +
\Wcr/z \Wcr/z Wer, 2
v

cr,0

The ratio of critical velocity across the first stage is obtained from equations (B12)
and (B8)

\'
\'

cr,2 _ Wcr, 2(Ver

cr,0 Vcr,O Wcr2

Second-Stage Stator

The critical velocity ratio entering the second stage stator is obtained from

(’ N
[/ \1z [/ N\ 1o 172
2 2
Vu VX
w W
cr cr
v =ﬁ 2, 21 4 (B13)
v
Cr2 Ccr Cr
W W
cYr cr
] I ]
.

15



where (Vcr/wcr>2 is given by equation (B12), <Vu/wcr> is expressed in known quan-
tities after equation (B12), and (Vx/wcr)z = (W/Wcr>2 cos [32. From this critical veloc~

ity ratio the static- to total-pressure ratio is evaluated as follows:
9|7/ (y-1)
(B) N P e (B14)
1]
p'/q y+1 Vcr A

By using the uncooled turbine local pressure ratios, the stator outlet pressure ratio for
the gas stream is then determined as

()
Bl
p' 3a, fs P'/2 £>

p' 2,un

The gas-stream critical velocity ratio at the stator outlet is calculated from

1/2
- y-1 ; (B16)
°T/3a. 1s 3a,fs
The critical velocity of the stator coolant entering the stream at station 3 is obtained by
using the (V/Vcr> value from equation (B16), the assumed kp value, and the pro-
3a, fs

cedure following equation (B2). The aftermixed critical velocity ratio at the stator outlet
is then determined as

(1+A+B)-—V— +C—V—
\' \'4
/V - ¢1/3a, fs cr 3a, c (B17)
\vcr3 1+A+B+C

The critical velocity at the stator outlet, related to that at the turbine inlet, is expressed
as

16



/2
( Ver, oV (Te,0)
(1+A+B|-52) 4 c|-C
\" V ™
cr,3 _ cr, 0 0 (B18)
Vcr,O 1+A+B+C

where Vcr 2/V is expressed in known quantities following equation (B12).
)

cr,0

Second-Stage Rotor Inlet

The equation for relative- to absolute-critical-velocity ratio at station 3 is similar
to equation (B4):

\":‘
W) | o v\ (o VU
_ery oy y-1lp U “)- U (B19)
cr/qg v+ 1 Vcr,3 Vcr3 Vcr,3

The value of (Vu/V c r) can be obtained from (V/V cr) of equation (B17) and sin
3 3

<

3

The value of U/Vcr, 3 can be determined since U/VCr o 1is known and vcr, 3/Vcr, 0

H

is given by equation (B18). The blade-inlet relative critical velocity is obtained from
the following equation, which is similar to equation (B5):

\ \4 9 )

— =<|[=—) sin o5 - +|[=—) cos a4 (B20)

Ver 3 Vcr 3 cr,3 Ver 3

The relative critical velocity ratio at the blade inlet (w/w . r) is obtained by combining
3

equations (B19) and (B20). The inlet static- to total-pressure ratio is then determined
as follows:

2'}’/('}"1)
SAREN 4T RS (B21)
A v+ W)

17



Second-Stage Rotor Outlet

The relative critical velocity of the second-stage rotor coolant as compared with
critical velocity at the turbine inlet is given by

9 1/2
T
cryda,c_|7¢c,0 y-1 U (B22)
\' Ty v+ 1 Vcr,O

W

cr,0

which is equivalent to equation (B7). The relative critical velocity of the gas stream at
station 4 is obtained from

I 20 \2 11/2
(1+A +B+C)f|—CF cr,3 +D cr,4a,c
\'4 \'4 A%
W cr cr,0 cr,0
cr,d . 3 (B23)
Ver. o 1+A+B+C+D

where (w or /V Cr)s is given by equation (B19), Vcr, 3/V by equation (B18), and

w

cr,0
or, 4a, c/vcr,O by equation (B22).

The static- to total-pressure ratio of the gas stream at the rotor outlet before mix-
ing was obtained from the following equation:

<_p_>
p p"
4 _ 4 un (B24)

b

Pia,ts P'/3[2
Tt

P /3 un

The value of (p/p")3 is given by equation (B21), and the uncooled turbine pressure
ratios are obtainable from the uncooled turbine velocity diagram. The gas-stream criti-
cal velocity ratio at the blade outlet is then evaluated from this pressure ratio:

(y-1)/y

p

Y - 1 pn
cr, da, fs 4a,fs
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For the example impulse rotor blade rows, (W/W ) is equal to (W/W ) , as
cr 4a,fs €r/y
described following equation (B10). The coolant blade outlet critical velocity ratio is

then obtained from the gas-stream critical velocity ratio by using the assumed k_ value
and the procedure discussed following equation (B2). By using an assumed kV value,
this critical velocity ratio for the impulse blade rows is obtained as

T 4a,c et 4a,fs

The aftermixed critical velocity ratio at the blade outlet is then obtained from

(1+A+B+0Q) w +Dlv—
W \'J
W\ _ “Y4a, fs €T/4a, c (B26)
1+A+B+C

or
/4

Cooled-Turbine Work Output

From the determination of the velocity conditions through the turbine, the work out-
put of the cooled turbine can be evaluated and compared to that of the uncooled turbine.
The specific work output is expressed in nondimensional form as U AV /V .0’ and the

weight flow is normalized by the primary weight flow. Thus, the work output for the
first stage is

wU AVu

2
vacr 0

v W
=V da+af2l)l-qeasplY) 2ginp, Y

cr,0 Vcr, 0 cr/q Vcr, 0 v

cr,0

(B27)

where Vi 1/ A% is determinable from equation (B3) and sin ag, (W Wc r>2 is de-

cr,0

terminable from equation (B11), and W 2/V is given in equation (B8).
b

cr,0
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The second-stage work output is

wU AV A"
u . _U (1+A+B+C)L -—Cr—’ésinot3
prir’o Vcr,O Vcr 3 Vcr,0
w
—(1+A+B+C+D)/W €T % sin By + —0 (B28)
Wcr 4 Vcr, 0 Vcr, 0
where (V/VCI) is obtained from equation (B17), Vcr, 3/Vcr, o from equation (B18),

(W/Wcr>4 frori equation (B26), and Wcr, 4/Vcr, o from equation (B23).

Since the efficiency is based only on primary air, the ratio of work output of the
cooled turbine to that of the uncooled turbine is the same as the efficiency ratio. The
general equation for efficiency variation of the cooled turbine relative to the uncooled
turbine efficiency is '

U AV
eq. (B27) + eq. (B28) - u
2

A"
A _ cr,0 /0
Tyn U AV,

2
Vcr, 0

un

For the example turbines considered, the work output of the uncooled turbine expressed
in this nondimensional form is 0.5 for the reaction turbine and 1.0 for the impulse tur-
bine. Thus, the efficiency variation of the cooled turbine compared to the efficiency of
the uncooled turbine is

Mun 0.5

for the reaction turbine and
An _eq.(B27) +eq.(B28) - 1.0 (B30)
Tun 1.0

for the impulse turbine.
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APPENDIX C

ISOLATED-FLOW PERFORMANCE ESTIMATION METHOD

As discussed in the Isolated-Flow Analysis section, this procedure involves the de-
termination of the incremental work output of the coolant flows. The work output of each
individual coolant flow is evaluated separately. The velocities are expressed in terms

of coolant critical velocities. Again, the procedure is presented for the two-stage tur-
bine.

First-Stage Stator Coolant

The coolant critical velocity ratio out of the first-stage stator (V/V c r) is ob-

1l,¢c
tained, as in the mixed-flow analysis, from (V/ V. r) and from the assumed value of
. Ealid B

1, wi
kp by using the procedure described following equati(;n (B2). The blade speed is deter-
mined in terms of coolant critical velocity by the equation

U
\'/
Vcr, e [Ty, 1/2
0
since
1/2
Vcr, lc _ Toic
Vcr, 0 Tb

The ratio of relative to absolute critical velocity of the coolant is obtained by using the
following equation:

_— (C2)
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where

Vv
_l = _V_ sin al
\'4 \'4
crl,c cr l,c
and
W) (Mu) __ v
\" Vv

A"
cr 1,c cr 1,c cr, 1c

Since only the parallel component of relative velocity at the blade entry was as-
sumed to contribute to the relative total pressure, the static- to total-pressure ratio at
the rotor inlet is given by

2 v/(y-1)
<L> =11 - y-1{W cosz il (C3)
p'" y+1\W
1, ¢ (G y 1,c

where i is the incidence angle, or the difference between the coolant flow angle [31 and
the blade entry angle. The coolant flow angle is given by

WV
cr
Bl = tan-l __I.Lc
Vx
Vcr 1,c
where
A"
_i = _V— CcOS al
\"2 \'A
cr 1,c cr 1,c

The coolant relative critical velocity ratio is expressed in known quantities as

22



2 2
_W_> A
2 v Vc

W _ Ve ,e
\\J 2
cL l,c Wcr
\A
cr 1, ¢

The pressure ratio at the blade outlet is obtained by using the assumption that the overall
blade-loss pressure ratio is the same for the coolant as for the primary flow:

TECH: I

pn 2,c p'" 1, c(L)
p"
1,un

The critical velocity ratio of the coolant at the blade outlet is then obtained from this
pressure ratio and the relation

1/2
_\V_ _Jv+ 1 1 _<L>(7"1)/7 (C5)

\" 74 y-1 p'
CT, 2,C 290

The tangential component of rotor outlet velocity is then determined as

v -
u,2,¢c _(W sin gf—*] [ U (C6)
Vcr, l,c Wcr 2, ¢ Ver 1,c Vcr 1,c
The first-stage coefficient is then
U Vu - Vg, 2,c T0, c
]
Vcr,l,c Vcr 1. ¢ Vcr, 1,¢c rI‘0
K = 2 (C?)
f,A AV
u
2

\/
cr, 0 un(0-2)
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In the particular case of an impulse rotor the outlet relative velocity is equal to the
effective inlet relative velocity, W2 c™ W1 c €08 11, and the procedure is simplified
since it is not necessary to evaluate state conditions relative to the rotor by using the
procedure involving equations (C3) to (C5).

The temperature ratio of the coolant across the first stage is obtained from the fol-
lowing equation:

T \' \'4
__'% = 1 - 2 '}’ - 1 U u, 1 - uz 2 (C8)
1 c v Vcr, ¢ vcr, 1 A Vcr, 1 A

where (Vu, 9 /vcr’ l)c is given by equation (C6) and (Vu’ JV cr, l)c is given following

equation (C2). The static- to total-pressure ratio entering the second-stage stator would
in general be based on the effective critical velocity ratio as

9 ')’/('}"1)
» = ]_-Z;l _V_ COSZ iz
p' 2 ¢ v+ 1\V

crfy ¢

For the example turbines used herein the stator entry direction is axial and the effective
critical ‘velocity ratio is then the axial component

W\ cos 32
w V
VX ) cYy c cr 1, ¢ (©9)
1/2
crz’c T'2
1
1 c

where (W/W )2 is given by equation (C5), (Wcr /Vcr>1 by equation (C2), and
c
( /T') by equat1on (C8). ’

From this critical velocity ratio the static- to total-pressure ratio is obtained:

9 7’/(7" 1)

_g) =1_7-1VX (C10)
p'2,c v+1 Vcr2
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The static- to total-pressure ratio at the stator outlet is then determined:

5
(L) =<£> P/3,un (C11)
p' 3,c p' 2,¢c -E>
'2,un

P

The stator outlet critical velocity is obtained from this pressure ratio:
1/2

(v-1/v
\4 _Jr+1 1_<p> (C12)
y-1 p'
cTf3 ¢ 3,c

The rotor blade speed in terms of coolant critical velocity is

U
U _ Ver,1, ¢ ‘ (C13)
Vcr, 3,¢ [Th 1/2
T
1 (¢}

where ( '2/T'1> is given by equation (C8). The procedure for the evaluation of the work
(¢

done in the second stage by the first-stage stator coolant is similar to the procedure for
the first-stage work. The equations are therefore listed without discussion. Second-
stage relative to absolute critical velocity ratio is obtained as

9 2 1/2
Vv W
cr _y=-1["u +Y-1{"u (C14)
A" v+ 1\V y+1\V
cr 3,c cr3’c cr3’c
where
A"
v = _V_ sina3
Vv
cr:,’,c cr3’c
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and

W) (M) U
\'/ \' v
Cr3,c Cr/3 ¢

Rotor-inlet static- to total-pressure ratio is

1w e . v/(y-1)
<_E.> =11-2 cos” ig (C15)

where 13 is the incidence angle of the flow entering the second-stage rotor. The coolant
relative flow angle is given by

W
_u
\"J
cr
33 = ta ‘1 3, C
Vx
Ver 3,c
where
v
__.}E_ = _V- [{0]:] a3
\" \"
cr 3, ¢ cr 3,c

The coolant relative critical velocity ratio is determined from known quantities as

2 2
w Vv
_u 1 X
VvV Vv
‘w\2 _\3,c VY3
2
cr3,c Wer
vV
cr3c
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Rotor-outlet static- to total-pressure ratio is

g
Ao
p” 4’c p" 3,C<-_p_

1/2
-1
W) v+l 1-<£>(y Y (C17)

cr 4 c

Second-stage outlet tangential velocity is

\ /

\
A" w o
w4 ) _ (W sin 34 cr + v (C18)
Ver. s \ \'/ A
¢t 9¢ 4,c

cr cr 3,c cr,3,c
Second-stage work coefficient is

U Vu,3 - V_u,4 TO,C E
\', \'s \'/ N o\T!
er,3,c|\'cr,3 cr,3 0 1
K o= —— e > el c (C19)
’ UAVu
2

cr,0/un, 2-4

As mentioned for the work output in the first-stage rotor, the procedure for the case of
an impulse rotor is simplified. Since there is no expansion across the rotor and since
W4’ c = W3’ c COS 13, the procedure involving equations (C15) to (C17) for evaluating
total-state conditions relative to the rotor is not required.
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First-Stage Rotor Coolant

The relative critical velocity of the first-stage rotor coolant out of the first-stage
rotor is obtained from the uncooled-turbine-outlet critical velocity ratio (W/ w c r)
2,un

b

and the assumed k_ value by using the procedure described following equation (B2). In
the case of the impulse rotor, where a kv assumption is used, the coolant critical ve-

locity ratio is

'
W V\w
crz,c

r
¢ 2,un

The critical velocity of the coolant relative to the turbine inlet critical velocity

(Wcr, 2, C/Vc r 0) is given by equation (B7). The first-stage work coefficient is
9] Vuz 2,c
v v
K; p=- cr,0 “cr,0 (C20)
! U AVu
2
\'4
cr,0 un, 0-2
where
Vu,2ic= A sinBz Wcr,2,0+ U
Vcr, 0 Wcr 9 ¢ Vcr, 0 Vcr, 0

The temperature ratio across the first stage of the rotor coolant is obtained by the equa-

tion
Vuzzzc
T \'
22\ . 1-2<:' ) U cr,0 (c21)
To +1 Vcr,O TO,c
0
i i
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Since the blade entry direction is axial, the effective critical velocity ratio entering the
second-stage stator is evaluated with the following equation for the example turbines

w

w cos B _er,2,¢c
W 2y
Vi cr/y ¢ cr,0
) NN (c22)
/2, c 32_ TOz c
T T
0 c 0

The work of the first-stage rotor coolant in the second stage is then calculated by using
the same equations as were used for the first-stage stator coolant (eqs. (C10) to (C19));
thus, Ks B is evaluated for the rotor coolant.

?

Second-Stage Stator Coolant

The stator coolant can do work only in the second stage. The procedure for evaluat-
ing K ,C is identical to that of the first-stage coolant determination of Kf A The
value of KS C for the second-stage stator coolant is close to that of Kf A of the first-
stage stator coolant for the example turbines because the total temperatures of the two
coolant flows are the same, as are the blade speeds and the velocity diagrams. The
slight difference occurs because of the increased critical velocity ratios in the second-
stage rotor.

Second-Stage Rotor Coolant

The procedure for this coolant-flow work estimation is the same as that for first-
stage rotor coolant work done in the first stage. The value of Ks, D for the second-
stage rotor coolant is also close to that of Kf of the first-stage rotor coolant for the
example turbines. This similarity is again because the total temperatures of the two
coolant flows are the same, as are the blade speeds and the velocity diagrams. The
slight difference in values occurs because of the increased critical velocity ratios in the
second-stage rotor.
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Turbine Efficiency Variation

The stage work coefficients described in the preceding sections are listed in
table II. A coolant schedule can be applied to the coefficients to obtain the cooled-turbine
performance variation. Based on these coefficients and a coolant schedule, the general
equation for the efficiency variation is

Ay _ A(Kf,A Ah, + KS,A Ahs) + B(Kf, B Ahg + Ks, B Ahs) + CKs,C Ahg + DKs,D Ahg

Tun hf + hs

For the examples considered, the work split between stages is equal for the uncooled
turbines (Ahf = Ahs), and the equation for efficiency variation is

) A(Kf,A + Ks, NE B(Kf, B* Ks) Bt CKs, ct DKS’ D
2

Aan

nun

(C23)
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TABLE I. - ASSUMED COOLANT FLOW SCHEDULES

USED FOR EXAMPLE TURBINE ANALYSIS

First-stage | First-stage | Second-stage [Second-stage
stator coolant| rotor coolant | stator coolant | rotor coolant
fraction, fraction, fraction, fraction,
A B C D

0.02 0.01 ——— -——

.03 .02 0.01 ————

.04 .03 .02 0.01

.05 .04 .03 .02

.06 .05 .04 .03

.07 .06 .05 .04
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Figure 1. - Velocity diagrams and stations used in analysis. Velocity diagrams shown are for uncooled turbine,
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